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Abstract
Using a non{relativistic gluon bound{state model for glueballs (G), we com-
pute the subprocess q q ! G, and we therefrom derive the yield of the
overall reaction p p ! GX , assuming the glueball and the pion to be emit-
ted with their transverse momenta large, opposite and approximately equal.
Numerical results are presented in the form of p
T
spectra for various glueball
candidates and their possible quantum states, assuming those particles to be
produced, in the type of reactions here considered, at high{energy p p colliders






A non{relativistic gluon bound{state model for computing the production and decay of
glueballs (G) made of two gluons was proposed a few years ago by Kada et al. [1], who
used it in order to calculate the processes J= ! G and G !  . That model was later
generalized for more complex reactions by Houra{Yaou et al. [2], and applied by them to the
production of a glueball plus a quark or gluon jet at high transverse momentum in hadron
collisions. Another application, recently computed by Ichola and Parisi [3], concerned glue-
ball plus pion production in two{photon processes. In this paper we consider the production
of the same nal state as in Ref. [3], but this time in hadron collisions.
Indeed, while the existence of glueballs is considered a crucial test of quantum chromo-
dynamics [4], and after a few glueball candidates have emerged in the early eighties from
various experiments [5], further experimental evidence appears still necessary in order to
rmly establish their nature and properties. Besides other reactions that should involve
a \gluon{rich environment" (such as radiative J= decays, as well as diractive hadron{
hadron scattering assumed to involve double Pomeron exchange), hard collisions occurring
in high{energy reactions may provide another means of creating that kind of environment
and thus producing glueballs.
We are aware that the status of the three particles that were considered as glueball
candidates in Refs. [1{3], namely the (1440), the f
2
(1720), and the X(2220), has become
more uncertain in the last few years [6{8]. However, as has been discussed at large in Ref. [3],
recent experimental data regarding those particles are rather contradictory; actually there
has also been recently some positive evidence regarding the f
2
(1720) [9] and the X(2220)
[10]. Anyway, for none of the three candidates it has been decisively proved that it should
not be a glueball. Therefore, in this paper, we still stick to the assumptions of Refs. [1{3].
Hereafter, in section II, we recall the formalism used and present the details of our
calculation. Section III contains a discussion of the numerical results obtained and a brief
conclusion. Two appendices provide respectively the expressions of all quantities (four{
momenta, polarization four{vectors, projectors of spinor pairs) needed for our calculation






resp. q q ! G.
II. DESCRIPTION OF THE FORMALISM AND DETAILS OF CALCULATION
Let us rst remark that, for G production in hadronic reactions, the hard process
is necessarily induced by quark{antiquark collisions. Indeed, the subprocess g g ! G
0
is excluded since, due to isospin conservation, the pion cannot be coupled to any parton
system composed exclusively of gluons. For the same reason, the subprocess q q ! G
0
cannot involve any Feynman diagram where the quark and antiquark annihilate into a gluon.














) are, respectively, the components of the glueball
and the pion to be produced.
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Applying the non{relativistic gluon bound{state model [1{3] for glueballs, together with



















































(E;; ; '; z) (1)
where we have used the following denitions: E and  are, respectively, the total energy and
the pion emission angle in the q q center{of{mass frame, while  (') is the polar (azimuthal)




c.m. frame, i.e. the glueball rest frame (see
Fig. 2). z is the Brodsky{Lepage variable dening the fractional momentum of the quark
q
0
within the pion. We call J , L, S,  respectively the total spin of the glueball, its orbital
angular momentum, its intrinsic spin, and the component of its total spin along the z{axis
of Fig. 2. In addition, we call  (















































































where M is the glueball mass and R
L
(r) its radial wave function in conguration space.




is here assumed to be in a pseudoscalar (PS) state.























(z) is the pion distribution amplitude.
As in Refs. [2,3] we assume the glueball to be extreme{relativistic in the qq c.m. frame,
i.e. M=E ! 0. In that approximation the gluons are also treated as massless in the hard
subprocess. A fortiori the mass of the pion, as well as of its constituent quarks, is also
neglected. In other words: both outgoing particles, and all partons involved, are on the
light cone.
It is to be noticed that, with massless quarks, helicity conservation [11] imposes:

 =  .













, which reduces the number of independent amplitudes
by an additional factor of two. It thus becomes sucient to limit oneself to computing those
amplitudes where  = 1=2,

 =  1=2.
In Appendix A we show the expressions of four{momenta, polarization four{vectors and
spinors needed for our calculation. Appendix B contains the expressions of the independent
3
helicity amplitudes obtained, corresponding to the various glueball quantum states consid-
ered, both after applying Eq. (1) and after we use Eq. (4) involving a convolution with
the pion distribution amplitude 

(z). For the latter we choose two dierent expressions,








z(1   z)(2z   1)
2
(5)
















From the amplitudes thus obtained one derives the transverse{momentum spectrum for





















































=E; i; j are the color indices of q; q respectively.
The transverse{momentum spectrum for the overall reaction pp ! GX is then given
by convoluting the spectrum dened by Eq. (7) with the distribution functions of the quarks

















































































































































Here we have made use of the fact that the quark (antiquark) content of the antiproton
is equal to the antiquark (quark) content of the proton.




we use the parametrization CTEQ3 (leading





In order to eliminate the normalization constant f
2
L
(see Eq. (1)), we use the same










 (J= ! G)B(G! x y : : :)
 (J= ! G)
(11)
where B(G! x y : : :) is the branching ratio for glueball decay in a given channel (actually
we shall consider only the main decay channel for each glueball candidate). Then the
numerator in the second factor on the right{hand side of Eq. (11) is given by experimental




Then, in principle, there is no free parameter left; yet there is a certain freedom of
choice regarding the expressions of the 
s
factors present in the calculation. Notice that
on the r.h. side of Eq. (11) we get a factor 
4
s
(coming from the helicity amplitudes, see
Eqs. (7),(8) and appendix B), divided by a factor 
2
s
contained in the J= partial decay
width. Assuming that 
s
takes approximately the same value in both processes considered,
i.e. p p ! GX and J= ! G, we are left with a factor 
2
s
in the nal expression of the













 = 0:2 GeV.
The p
T
spectra thus obtained for the reaction p p ! G
0
X are shown, for the three
glueball candidates and their respective quantum states here considered (the same as in
Ref. [1{3], apart from a slight numerical modication

), with either pion distribution am-




(chosen so as to be approximately
that of the CERN SppS collider) in Figs. 3,4,5.

The decay widths given in Ref. [1] have been systematically multiplied by a factor of 4, since the
helicity amplitudes had been underestimated there by a factor of 2. In addition two misprints that
appeared there, regarding the widths of J= radiative decay into glueballs with quantum states
J = 0, L = S = 1 and J = 4, L = S = 2, have been corrected. Furthermore we have slightly
modied the values of the numerator of the second factor on the r.h. side of Eq. (11), in accordance
with the most recent experimental data (see Refs. [8,10]); in addition, for the (1440), we have















The state called \L = m" in Refs. [1{3] is a mixture of states L = 0, S = 2 and L = 2, S = 0












while the state called \L = 2" is a mixture of states L = 2, S = 0 and L = 2, S = 2 with their




. Both mixtures have been adjusted in





As is shown by Fig. 6, taking the case of the (1440) as an example, there is very little
dierence between the respective p
T
spectra of neutral and charged pions produced together
with glueballs; the latter are slightly lower.
III. DISCUSSION AND CONCLUSION
Our results call for the following remarks:
(i) The curves shown in Figs. 3,4,5 are approximately at, i.e. the p
T
spectra obtained
roughly scale like p
 7
T
, as could be predicted from dimensional counting rules. Viola-
tions of that scaling rule are only logarithmic.









)]) that those p
T
spectra depend on the machine energy. It results, as we
have checked, that there is a slight increase, accompanied by a attening of the curves,









(iii) As usual, the yields predicted with the Chernyak{Zhitnitsky distribution amplitude
are somewhat higher (by a factor of 3{4) than those computed with the asymptotic
one.





= 5 GeV on (assuming that there are







, depending on the glueball candidate and quantum state
considered, as well as on the pion distribution amplitude chosen. Some of those cross
sections, i.e. those corresponding to the (1440), to the states \L = 2" and \L = m"
of the f
2
(1720) and to the state J = 4 of the X(2220), might be measurable under
present experimental conditions. This conclusion calls however for some reservations,
if the sources of uncertainty listed hereafter in (v){(vii) are taken into account.
(v) In our calculation we have retained only lowest order terms in both the series expansion
in powers of M=E and that in powers of 
s













) = 0:30  0:35, it still seems reasonable to expect that
the inclusion of higher{order corrections would not modify the orders of magnitude
obtained.







= 2:5  10
 4
) has not yet been veried experimentally. As is shown
in Fig. 7, a dierent parametrization such as MSRA [14] would lead to dierent shapes
of the p
T
spectra and consequently to signicantly lower values of the integrated cross
sections.
(vii) One may also change the scale \Q
2
" both in the expressions of the distribution func-
tions and in that of the 
s











and thus sharply aects, as well, the integrated cross sections (see Fig. 8).
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(viii) It is interesting to compare the yields here obtained with those of other exclusive
channels in hadronic reactions, such as for instance pion pair production in p p col-
lisions. That process has been computed, using the Brodsky{Lepage model [11], by
Djagouri et al. [15] who have however restricted their calculation to a scattering angle
of 90





p p ! G
0















), we get the following result: The largest of the G
0
production cross
sections, namely that for G = f
2
(1720) with \L = 2", is about one order of magnitude




production; more precisely, the corresponding
ratio is 0.42 with the asymptotic pion distribution amplitude, and 0.063 with the CZ
one. Comparing, on the other hand, the reactions p p ! G






the ratios of the corresponding yields are about half of those obtained in the previous
case. Finally, comparing p p ! G
0
X or p p ! G

X (still for the same choice of




X, the cross sections computed are roughly of the same order (it
is to be noticed that in both reactions no gluon{gluon interaction does contribute).
(ix) As compared with p p ! G
0
X, the reactions p p ! G X and p p ! G
0
X
would certainly be more promising from a quantitative point of view, since they would
involve the contribution of gluon{gluon interactions; that contribution may indeed be
expected to increase the p
T
spectra and the corresponding integrated cross sections by
several orders of magnitude (see [2]).
(x) Finally let us remark that, if one of the glueballs here considered contains an admixture
of a q q state (indeed such admixtures are sometimes advocated for in the theoretical
literature, see e.g. [16]), the cross section for G
0
production might be substantially
increased since in this case the gluon{gluon interaction would contribute here as well.
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APPENDIX A: EXPRESSIONS OF FOUR{MOMENTA, POLARIZATION
FOUR{VECTORS AND PROJECTORS OF SPINOR PAIRS
For the four{momenta of initial partons and nal particles involved in the hard process,
dening them in the center{of{mass frame of that process (see Fig. 2a), we use the following
































































































= (1   z)p

(A3)
Here we have called all four{momenta like the corresponding particles (except for the
pion), and we have dened:  =M=E.















= 0;1), we get, after performing a Lorentz transformation from
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( !  ) (A7)
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, we make the substitu-



















































































noticing that no other helicity states of the incoming quarks need to be considered in the
calculation (see section II).
As specied in section II, we let  go to zero; this is done, precisely, once we have com-










. Then all divergences in
, due to the 
 1
factors appearing in the expressions of the polarization four{vectors of the
gluons (see Eqs. (A6),(A7)) must vanish. This (as well as the vanishing of all divergences in
 after applying Eq. (1)) is a good check of the correctness of the calculation.
APPENDIX B: HELICITY AMPLITUDES FOR THE PROCESSES






AND q q ! G
In this appendix we present the expressions of all independent helicity amplitudes for the
















(E;; z), before their convolution with the pion
distribution amplitude (see Eq. (4)), but with the nal quark{antiquark pair being specied
to be in a pseudoscalar spin state. In each case, the corresponding helicity amplitudes for





(E;), after convolution with the asymptotic resp.
Chernyak{Zhitnitsky pion distribution amplitude are also given. All helicity amplitudes
not explicitly shown here can be derived by means of symmetry properties (see section
II) from those given hereafter, or are vanishing. We have xed the helicities of the initial
quark{antiquark pair as follows:  = 1=2,






















obtained after convolution ofM

PS
with the asymptotic resp. the Chernyak{Zhitnitsky pion
distribution amplitude. Furthermore we use c = cos, s = sin, u = z(1  z), w = 2z   1,
L
c
= ln[(1 + cos )=(1   cos)]. The constant f
L







, while i, j are the color indices of the incoming quark and antiquark
respectively.
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(4c+ 5w) + 4s
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(2u  1) + s
4
[7cw + 2u( 224u + 137)   40]
+s
2



































































































































































































[ 140cw + 4u(560u   311) + 311] + 2s
2
[ cw(568u  171)






































































































































































































(2u  1) + s
4
[ 7cw + 64u(7u  4) + 22]
+s
2
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FIGURES
FIG. 1. The Feynman graphs that, to lowest order in QCD, contribute to the process








. The graphs are grouped according to their color factors (a convolution with































6. i, j are the
color indices of the incoming quark and antiquark, respectively. For each graph, except for that




are exchanged must be
also taken into account.
FIG. 2. Kinematics schemes for: a) the process q q ! G in the center{of{mass frame of q









FIG. 3. The transverse{momentum spectrum, multiplied by p
7
T
and B, predicted for the re-
action p p ! G
0









Both the asymptotic (dashed curve) and the Chernyak{Zhitnitsky (full curve) pion distribution
amplitudes have been considered. The parametrization CTEQ3 (at leading order in QCD) [13] for
the parton distribution functions has been used.
FIG. 4. Same as Fig. 3, with G = f
2




K). The same quantum
states as in Refs. [1{3] are considered for the f
2
(1720).




). The same quantum
states as in Refs. [1{3] are considered for the X(2220).
FIG. 6. Comparison between the results of Fig. 3 and the corresponding ones for the reaction
p p ! G

X . Same notation as in Fig. 3. In addition, the dot{dashed and dotted curves refer
to 

production, using respectively the CZ and asymptotic distribution amplitude.
FIG. 7. Comparison between the results of Fig. 3 and the analogous ones, obtained using a
dierent set (MRSA) of parton distribution functions (see Ref. [14]). Same notation as in Fig. 3.
In addition, the dot{dashed and dotted curves correspond to MRSA, using respectively the CZ
and asymptotic distribution amplitude.
FIG. 8. Comparison between the results of Fig. 3 and the analogous ones, obtained using a
dierent prescription for the value of \Q
2





Eq. (8)) and 
s










, using respectively the CZ and asymptotic distribution
amplitude.
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